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ABSTRACT
Flat space models with multiply connected topology, which have compact dimensions, are tested
against the distribution of high-redshift (z ≥ 4) quasars of the Sloan Digital Sky Survey (SDSS).
When the compact dimensions are smaller in size than the observed universe, topological lensing
occurs, in which multiple images of single objects (ghost images) are observed. We improve on the
recently introduced method to identify ghost images by means of four-point statistics. Our method is
valid for any of the 17 multiply connected flat models, including nontoroial ones that are compactified
by screw motions or glide reflection. Applying the method to the data revealed one possible case
of topological lensing caused by sixth-turn screw motion, however, it is consistent with the simply
connected model by this test alone. Moreover, simulations suggest that we cannot exclude the other
space models despite the absence of their signatures. This uncertainty mainly originates from the
patchy coverage of SDSS in the South Galactic cap, and the situation will be improved by future
wide-field spectroscopic surveys.
Subject headings: cosmology: observation — cosmology: theory — large-scale structure of universe
1. INTRODUCTION
It is widely accepted that the local geometry
of the Universe is well described by a homo-
geneous and isotropic Friedman-Lemaˆıtre-Robertson-
Walker (FLRW) metric with perturbations. The con-
cordance ΛCDM model has achieved remarkable suc-
cess in explaining various observations such as the
faint galaxy number counts (e.g., Fukugita et al. 1990;
Yoshii 1993; Yoshii & Peterson 1995), the large-scale
distribution of galaxies (e.g., Efstathiou et al. 1990;
Tegmark et al. 2004; Percival et al. 2010), the m–z re-
lation for type Ia supernovae (e.g., Riess et al. 1998;
Perlmutter et al. 1999), gravitational lensing statistics
(e.g., Chiba & Yoshii 1999; Oguri et al. 2012), and the
cosmic microwave background (CMB) anisotropies (e.g.,
Jaffe et al. 2001; Bennett et al. 2012). According to the
model, our Universe has zero curvature (Ωtot = Ωm +
ΩΛ = 1) and is described by Euclidean geometry. How-
ever, the overall shape of space, i.e., the space topology,
remains unknown. As long as we assume space to be ex-
actly flat and simply connected, i.e., any closed curve on
it can continuously shrink to a single point, it inevitably
has infinite volume, which is theoretically unfavorable
(e.g., Hawking 1984; Zeldovich & Grishchuk 1984; Linde
2004). This motivates us to consider multiply connected
space models that have compact dimensions (e.g., Ellis
1971; Lachie`ze-Rey & Luminet 1995).
One such model is the flat 3-torus T3 = S1 × S1 × S1,
which can be visualized as a parallelepiped whose op-
posite surfaces are formally identified. In this space,
photons passing through one surface immediately return
from the opposite surface, and there are many paths by
which light can travel from one point (e.g., a galaxy) to
another (e.g., the observer). Therefore, if the side length
or the compact dimension size is sufficiently small, we
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would observe multiple images of a single object, which
we refer to as ghosts. This phenomenon, often called
topological lensing in analogy with gravitational lensing,
was first mentioned by Schwarzschild in 1900 (an English
translation by Stewart et al. 1998). For details on the ob-
servation in multiply connected spaces, see an extensive
review by Lachie`ze-Rey & Luminet (1995).
Detection of ghost images is the strongest evidence
that our space has a compact dimension, and it can
be used to determine or constrain the space topology.
Moreover, it enables us to study the same object at dif-
ferent redshifts, so that we can directly trace the evo-
lution of galaxies. Some authors attempted to iden-
tify the ghosts of specific objects such as the Milky
Way and the rich galaxy clusters (Sokolov & Shvartsman
1974; Demian´ski &  Lapucha 1987; Fagundes & Wichoski
1987; Roukema & Edge 1997; Weatherley et al. 2003),
while others applied statistical methods to the spa-
tial distributions of cosmic objects (Lehoucq et al. 1996;
Roukema 1996; Uzan et al. 1999; Marecki et al. 2005;
Menzies & Mathews 2005). Unfortunately, no robust de-
tections have been reported thus far, which may be rea-
sonable because their methods either (both) need a large
number of ghosts or (and) are only valid for toroidal
topologies (Section 2).
Over the last decade, the trend in ghost hunting has
been to search the CMB map for ghost circles (circles-in-
the-sky method; Cornish et al. 19981), which would arise
from the self-intersection of the surface of last scattering
along the compact dimension. This method and its vari-
eties were applied to the all-sky CMB data obtained by
space missions such as the COsmic Background Explorer
(COBE), the Wilkinson Microwave Anisotropy Probe
(WMAP), and the Planck Surveyor. Although some
1 For the historical accuracy, we note that the preprint version of
Cornish et al. (1996), arXiv:gr-qc/9602039, described the method
for the first time.
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authors claimed that antipodal ghost circles are likely
to be excluded (Cornish et al. 2004; Key et al. 2007;
Bielewicz & Banday 2011; Planck Collaboration et al.
2013), diverse results have also been obtained (Aurich
2008; Roukema et al. 2008). Vaudrevange et al. (2012)
extended the search to general (including nonantipodal
circles) cases for the first time. Their analysis, how-
ever, is based on the coarse-grained (Nside = 128 in the
HEALPix scheme; Go´rski et al. 2005) map, and it is not
clear whether the topological signatures are detectable
in such low-resolution maps.
Based on these situations, we consider it important
to subject the multiply connected space models to dif-
ferent tests, especially for the nontoroidal models (see
Section 2), which have been studied very little in past
works. This paper presents a new, object-based method
that is valid for these models. It is an extension of
the works of Fujii & Yoshii (2011) and Fujii (2012), and
herein, we apply it to a high-redshift (z ≥ 4) quasar
sample of the Sloan Digital Sky Survey (SDSS) data re-
lease 7 (DR7; Schneider et al. 2010). We consider this
work timely because massive spectroscopic surveys such
as SDSS have become increasingly important in recent
cosmological studies.
All calculations herein are done considering comoving
space. The cosmological parameters of the concordance
model, Ωm = 0.27, ΩΛ = 0.73, and h = 0.71, are used
when translating redshift into comoving distance. An in-
correct selection of values of (Ωm,ΩΛ, h) distorts the co-
moving distribution of objects; thus, we generally have
to perform our analyses for a number of cosmological
models. However, we checked that our results do not
change within the errors (a few percent) of the concor-
dance model. Unless otherwise stated, to represent a
position in space we use the Cartesian coordinates
x = r cos δ cosα, y = r cos δ sinα, z = r sin δ, (1)
where r, α, and δ are the comoving distance, the right
ascension (RA), and the declination (Dec), respectively.
A brief summary of three-dimensional flat manifolds is
given in Section 2. In Section 3, we describe the method
for detecting topological lensing effects in flat spaces.
The descriptions of our sample and simulated catalogs
are given in Section 4, followed by the results and dis-
cussion in Section 5.
2. THREE-DIMENSIONAL FLAT MANIFOLDS
Since we assume the concordance model with zero
curvature, it is helpful to summarize the mathematical
classification of three-dimensional (3D) flat manifolds.
It has been proved that there are a total of 18 space
forms (Nowacki 1934), including the simply connected
Euclidean space E3. Figure 1 of Fujii & Yoshii (2011),
which was first published in Cipra (2002), displays an
illustration of the 17 multiply connected space forms,
where the surfaces are identified in pairs by Euclidean
isometries.
Mathematically, they are the quotients E3/Γ of the
simply connected space E3, where Γ is a group of Eu-
clidean isometries that are discrete and fixed-point free
(e.g., Nikulin & Shafarevich 2002).
The isometries consist of three types: translation,
screw motion (rotation followed by translation), and
Fig. 1.— The fundamental isometries of 3D flat manifolds: trans-
lation, screw motions of twists θtwist = pi, 2pi/3, pi/2, and pi/3, and
glide reflection. From these isometries, we can generate 17 nontriv-
ial groups that are discrete and fixed-point free; these correspond
to the 17 multiply connected space models.
glide reflection (reflection followed by translation). Be-
cause of symmetry, the possible twists of the screw mo-
tion are pi, 2pi/3, pi/2, and pi/3. Therefore, we need only
consider six kinds of isometries (Figure 1) to put con-
straints on the 17 multiply connected models2. Although
the right-handed screw motions are displayed in Figure
1, they might be actually observed as left-handed. The
two cases are intrinsically the same, and the handedness
distinction totally depends on our notion of right and left
(Jeffrey Weeks 2013, private communication).
Ghost images are linked to each other by the isometries
as seen in Figure 1, which would leave a specific pat-
tern in the distribution of objects. The toroidal models,
whose isometries are all translations, are relatively easy
to constrain, since ghost images form a simple lattice pat-
tern and ghost circles are always antipodal. Indeed, most
past works limited their targets to these models and there
are some useful methods available (e.g., Marecki et al.
2005; Menzies & Mathews 2005). The isometries of non-
toroidal models, in contrast, include screw motions and
glide reflections, and the pattern of topological lensing
depends on the observer’s location relative to the screw
axis or the reflection plane. In this work, we explore
the possibility that our space has a nontoroidal topology
using high-redshift quasars. Although the space mod-
els compactified by glide reflection are nonorientable and
physically unreasonable (e.g., Demian´ski 2004), we do
not exclude these cases from our targets.
3. THE FOUR-POINT STATISTICS METHOD FOR
DETECTING TOPOLOGICAL LENSING
2 Strictly speaking, some manifolds are generated by other types
of isometries, e.g., the Hantszche-Wendt space is generated by half-
turn screw motions whose screw axis is not parallel to the transla-
tion direction. We do not consider such varieties separately, since
they can be detected by our method as one of the six isometries
displayed in Figure 1.
Topological Lensing in the SDSS QSO Catalog 3
In this section, we propose a method to find ghost im-
ages from 3D positions of objects, in which a kind of
four-point statistical analysis is performed. It is essen-
tially based on the works of Fujii & Yoshii (2011) and
Fujii (2012), however, some modifications are added that
enhance the signal-to-noise ratio. By using this method,
any of the Euclidean isometries is detectable with high
sensitivity.
Suppose that we have a sample of N discrete sources
whose comoving positions are x1,x2, · · · , and xN ∈ E
3
in the Cartesian coordinates given by Equation (1). The
separations between all pairs of points are calculated to
identify isometric twins, i.e., a pair of twins (xi,xj) and
(xk,xl) that have (nearly) equal distance: |xi − xj | ≈
|xk −xl|. They are possibly the topologically lensed im-
ages of each other, or ghost twins, since any isometry
preserves distance so that ghost twins are always isomet-
ric.
When the Universe is multiply connected and we have
a large number of ghosts, there would be more isometric
twins (isometric n-tuples in general; see Roukema 1996)
than normally expected. This could be used as a test
for multiply connected space models (Uzan et al. 1999),
but in practice it is hard to detect the slight difference.
For example, the number of isometric twins in our SDSS
sample (Section 4), within the tolerance of 10 Mpc, is as
large as ≈ 2× 109. It is almost impossible to distinguish
simply connected from multiply connected space models
by the number of isometric twins, unless the Universe is
so small that the topological lensing effect is very strong,
i.e., a large number of ghosts corresponding to a single
object can be seen.
This difficulty, however, can be overcome by classifying
the isometric twins according to their linking isometries.
Given a pair of isometric twins (xi,xj) and (xk,xl), an
isometry γ is called the linking isometry when γ links
the two, i.e., (xk,xl) = (γxi, γxj). If the space is mul-
tiply connected and compactified by an isometry γ, the
number of isometric twins that are linked by γ would be
higher than normally expected; this is the basic idea of
our method. Calculation of linking isometries proceeds
as follows.
1. Translation— When the twins are equal as vectors,
i.e., xj−xi ≈ xl−xk, they can be linked by a translation.
The translation is fully characterized by the vector
L = Ln =
(xk − xi) + (xl − xj)
2
, (2)
where n denotes the direction of translation and L = |L|
corresponds to the compact dimension size. The parame-
ter space for translation, (n, L), is three dimensional. We
do not consider the translational isometries hereafter.
2. Screw motion— When the twins make an angle of
θint = cos
−1
[
(xj − xi) · (xl − xk)
|xj − xi||xl − xk|
]
, (3)
they can be linked by a screw motion of twist θtwist ≥
θint, where the meaningful cases are θtwist = pi, 2pi/3, pi/2,
and pi/3. A screw motion is characterized by a screw axis
and a translation length.
The direction of the screw axis, n, is calculated first.
This is obtained by rotating a unit vector parallel to (xj−
xi)+(xl−xk) about the axis parallel to (xj−xi)−(xl−
xk) by an angle of sin
−1[tan(θint/2)/ tan(θtwist/2)] or its
supplementary angle (so there are two cases). Seen from
this direction, the two twins apparently make an angle
of θtwist. The screw axis is represented by the equations
x =
F (xi,xk) + F (xj ,xl)
2
+ tn, (4)
where t ∈ (−∞,+∞) is a parameter and F (x,y) is a
vector function defined by
F (x,y)≡
x+ y
2
+
|x− y − [(x− y) · n]n|
2 tan(θtwist/2)
(x− y)× n
|(x− y)× n|
. (5)
We then introduce a new coordinate system (X,Y, Z)
whose basis vectors are eZ = n, eY = (eZ × ez)/|eZ ×
ez|, and eX = eY × eZ , and whose origin is the Milky
Way. All points on the screw axis have the same (X,Y )
coordinates, which give the position of the axis. Finally,
the translation length is given by
L =
[(xk − xi) · n] + [(xl − xj) · n]
2
, (6)
which corresponds to the compact dimension size. In this
way, given a pair of isometric twins, the linking screw mo-
tion of twist θtwist is determined. The parameter space
of screw motion, (n, X, Y, L), is five dimensional.
3. Glide reflection— Any pair of isometric twins can be
linked by a glide reflection. A glide reflection is charac-
terized by a reflectional plane and a translation vector
on it. The normal vector of the plane, n, is given by the
unit vector parallel to (xj − xi) − (xl − xk). By intro-
ducing the same (X,Y, Z) coordinates as in the case for
screw motion, all points on the reflectional plane have
the same Z coordinate:
Z =
(xi + xj + xk + xl) · n
4
, (7)
which gives the position of the plane. Finally, the trans-
lation vector is given by
L=
(xk − xi)− [(xk − xi) · n]n
2
+
(xl − xj)− [(xl − xj) · n]n
2
. (8)
Since this vector always satisfies L · n = 0, it has only
two degrees of freedom: LX and LY . The glide reflection
that links the twins is determined in this way. The pa-
rameter space of glide reflection, (n, Z, LX , LY ), is again
five dimensional.
After calculating the linking isometries for all pairs of
isometric twins, we then search for excess counts in the
parameter space for each type of isometry. We describe
the process for the quarter-turn screw motion (θtwist =
pi/2) here; the other cases can be studied in the same
way. First, for each object xi, all pairs of isometric twins
that include xi as a member are selected. They give
a set of points (n1, X1, Y1, L1), · · · , (nα, Xα, Yα, Lα) in
the parameter space of quarter-turn screw motion. The
4 Fujii & Yoshii
five-dimensional (5D) parameter space is binned, and the
number of points in a bin at (n, X, Y, L) is denoted as
si(n, X, Y, L). To extract bins that have excess counts,
we define the “score” for each bin as
χ(si) =
{
si, if si ≥ smin
0, otherwise. (9)
In this paper, the threshold value was chosen to be smin =
3, by which we trade off the detectability of ghost triples
for reducing the noise level. It is a reasonable choice
because isometric triples are too common to be taken as
evidence for topological lensing.
The total score is given by
S(n, X, Y, L) =
N∑
i=1
χ[si(n, X, Y, L)]. (10)
Finally, we search for a bin whose score is much higher
than the stochastic expectation, which might be a sign of
multiply connected topology. If there is a pair of isomet-
ric n-tuples (with n higher than smin = 3) that is linked
by a quarter-turn screw motion, the corresponding score
would be S = 2n(n− 1).
We note that the two-step process, in which we first
search for excess counts in N subsets and next sum them,
is indeed unessential but inherited from the previous
works (Fujii & Yoshii 2011; Fujii 2012). It was originally
adopted to favor a pair of isometric n-tuples over a large
number of isometric twins, because the previous meth-
ods could not distinguish the two since the parameters
of isometries were not fully used. As long as we use the
current improved method, the results would not change
unless we adopt the two-step process.
4. QUASAR CATALOGS
4.1. Observation
Quasars are one of the most luminous (MB ≤ −23)
sources in the Universe and can be observed at great
distances, which makes them a good probe to constrain
the global structure, i.e., the topology, of space. Based
on the four-point statistics method (Section 3), we aim to
search for ghost images in the quasar catalog of the SDSS
DR7 (Schneider et al. 2010). The SDSS catalog is thus
far the most massive spectroscopic set of quasar data,
with ≈ 100, 000 objects at redshifts z . 5.5. The typical
redshift error is ∆z ≈ 0.004 (Schneider et al. 2010).
From the original data, the most luminous (Mi .
−27.7) 1,000 objects at redshifts z ≥ 4 were selected,
which made the sample almost complete (see the de-
scriptions of imaging and photometric completeness in
Vanden Berk et al. (2005) and Richards et al. (2006), re-
spectively) and enables us to explore the compact dimen-
sion size up to 15 Gpc. As shown in Figure 2, the major-
ity (≈90%) of items in the sample are in the North Galac-
tic cap, whereas the South Galactic cap is only covered
by three narrow stripes. The sky coverage significantly
limits our test as described in Section 5. The comov-
ing positions of objects were calculated using the set of
cosmological parameters given in Section 1.
4.2. Simulations
For comparison with the data, mock catalogs in simply
connected and multiply connected spaces were generated.
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Fig. 2.— The celestial distribution of quasars in the Mollweide
projection with Galactic coordinates. The dashed lines represent
intervals of 30◦. Top: Our sample selected from the SDSS catalog.
Bottom: One of the mock catalogs that contains a pair of ghost
quintuples (blue points). The ghosts are linked by a quarter-turn
screw motion whose translation length is 14 Gpc.
Since we assume a flat cosmology, the simply connected
space is E3. As an example of multiply connected models,
the quarter-turn space, T3/Z4, generated by a quarter-
turn (θtwist = pi/2) screw motion with L = 14 Gpc
was chosen (sizes of the other two dimensions that are
compactified by translation were set to be larger than
the horizon scale). The orientation and the position of
the screw axis were set to n = (−0.953, 0.219, 0.211),
which corresponds to (α, δ) = (167◦, 12◦), and (X,Y ) =
(−0.75, 3.25) Gpc, respectively, so that the ghost images
were located within the sky coverage of SDSS (Figure
2). Hereafter, all mentions of mock catalogs in multiply
connected space refer to this model.
The physical properties of quasars are modeled as fol-
lows. First, the simple “light bulb” model was used for
the quasar light curve, in which each object emits radi-
ation for a fixed duration tlife = 100 Myr with constant
luminosity (the i band absolute magnitude Mi). To take
into account obscuration of the active nucleus by the dust
torus, which reduces the number of observable ghosts,
each object is covered by a spherical mask with antipodal
holes. The orientation of the mask is randomly selected,
and the opening angle of the holes is given by
θopen = cos
−1
[
1√
1 + 3(L5007/L0)1−2ξ
]
, (11)
where L5007 is the [OIII] luminosity at wavelength λ =
5007 A˚, L0 = 10
42.37 erg sec−1, and ξ = 0.23 (Simpson
2005). That is, more luminous quasars are more likely
to be observed as type 1. To convert Mi into L5007, the
empirical relation implied by the value-added catalog of
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Fig. 3.— The number of quasars in each redshift bin (∆z = 0.1).
Green line: our sample selected from the SDSS catalog. Orange
line: one of the mock catalogs whose celestial distribution is shown
in Figure 2. Mock quasars basically follow the same redshift dis-
tribution as that of the actual quasars.
Shen et al. (2011) was used:
logL5007 = −0.307Mi + 34.8, (12)
but we note that this relation has a large scatter.
We describe below how to construct mock catalogs,
but for simplicity we first consider the simply connected
space. In this case, the mock quasars are randomly3 gen-
erated in the infinite Euclidean space E3 every 10 Myr,
whereas those that reach the end of their lifetime (= 100
Myr) are removed. Each object is assigned the lumi-
nosity Mi so that the number density of type 1 quasars
follows a luminosity function (LF) of the form
Φ(Mi|z) = Φ
∗10A1[Mi−(M
∗+B1ξ+B2ξ
2+B3ξ
3)], (13)
where
ξ = log
(
1 + z
1 + zref
)
. (14)
We adopted the maximum likely set of parameters ob-
tained by fitting the LF to the SDSS DR3 quasars
(Richards et al. 2006), A1 = 0.78, B1 = 0.1, B2 =
27.35, B3 = 19.27, and logΦ
∗ = −5.75 (where M∗ and
zref were set to −26 and 2.45, respectively). Figure 3
shows that the observed redshift distribution is correctly
reproduced in our simulation.
For the multiply connected case, we must also con-
sider the topological lensing effect. It is mimicked by
tessellating the infinite space E3 with identical copies of a
polyhedron that represents the whole physical space, i.e.,
contains all objects but no ghost images, such that the
copies are mapped onto each other by the corresponding
group of isometries (see Section 2). Thus the procedure is
as follows: we first distribute mock quasars in one poly-
hedron in the same way as the simply connected case,
and then tessellate E3 with their copies (i.e., ghosts) so
as to match the topology considered.
The positional uncertainty primarily originates from
the motion of objects with respect to the Hubble flow,
3 Although the real quasars are clustered similar to ordinary
galaxies (e.g., Croom et al. 2005; Shen et al. 2007), the effect of
clustering on this test can be canceled by the third condition for
selecting four points (Section 5).
which creates extra redshifts in addition to those of cos-
mological origin (known as the redshift space distor-
tions). We assign each object the peculiar velocity of
v = 500 km sec−1, which is a typical value, and with
a randomly selected direction4. Then, the measurement
errors were added to the true redshifts (Hubble flow plus
peculiar motion), which are randomly selected from a
Gaussian distribution of the rms of ∆z = 0.004. Because
of these effects, the comoving distance deduced from the
redshifts deviates from the real value by . 10 Mpc.
We note that, since ghost images are generally ob-
served at different look-back times, there is another
source of the positional uncertainty related to the pecu-
liar velocity: the movement of objects in real space (e.g.,
Roukema 1996; Uzan et al. 1999; Lehoucq et al. 2000).
However, this effect is much weaker (a few percent) than
those considered above, since we consider ghost images
at nearly the same look-back times (Section 5).
5. RESULTS AND DISCUSSION
The method described in Section 3 is applied to the
distribution of real quasars in this section. All the pairs
of twins, (xi,xj) and (xk,xl), that satisfy the following
conditions were selected:
∗ ||xi − xj | − |xk − xl|| ≤ 10 Mpc, (15)
∗ |ti − tk|, |tj − tl| ≤ 100 Myr, (16)
∗ and |xi − xj |, |xk − xl| ≥ 100 Mpc, (17)
where ti, tj , · · · are the cosmic times corresponding to the
comoving positions xi,xj , · · · , respectively. The latter
two conditions were not mentioned in Section 3.
The first condition selects pairs of isometric twins;
ghost twins are always isometric (e.g., Roukema 1996;
Uzan et al. 1999, see also Section 3) within the tolerance
of≈ 10 Mpc. The second condition is useful when consid-
ering short-lived objects such as quasars, since the tem-
poral separations between ghost images cannot be longer
than the object’s lifetime. The last one reduces the false
positives resulting from clustering: In a strongly clus-
tered region, the mean separation between objects would
be so small that any pair of twins would satisfy the first
condition. It would not reduce the topological signature
since the real ghosts are unlikely to be clustered in a small
region. Those that are similar to the second and third
conditions were also used by Marecki et al. (2005), who
explored the toroidal topologies using active galactic nu-
clei (AGNs). When applied to mock catalogs in multiply
connected space, the selection completeness of the above
criteria were found to be sufficiently high: More than
99% of ghost twins were correctly selected. However, the
selection efficiency is as low as 10−6 and we must classify
the selected pairs of twins as described in Section 3.
First, to see how our method works, we applied the
method to a mock catalog that contains a pair of ghost
quintuples. (The celestial distribution of the ghosts is
displayed in Figure 2.) We searched for the signature
of the quarter-turn screw motion since the ghosts were
modeled to be linked by an isometry of this type (see
4 A Gaussian distribution of peculiar velocity is probably more
realistic, but it would not change the “typical” displacement of
comoving positions.
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Fig. 4.— The result of a ghost search for the quarter-turn screw
motion. Orange line: The mean curve over 100 simulations in the
simply connected space along with each realization. Blue line: The
result for a mock catalog in the quarter-turn space, which contains
a pair of ghost quintuples. The ghosts are clearly detected as a
spike of height 5 at L = 14 Gpc. The bottom figure is the same
as the top one but normalized to the mean result of the simply
connected model. For the definition of nmax, see Equation (18)
and the text.
Section 4.2). The result is shown in Figure 4, which is
plotted with
nmax(L) ≡
1
2
+
√
1
2
(
Smax(L) +
1
2
)
(18)
as the vertical axis, where
Smax(L) = max{S(n, X, Y, L
′)}L′=L, (19)
and with the translation length L as the horizontal axis.
(Note that a pair of isometric n-tuples corresponds to
S = 2n(n − 1) when n ≥ smin + 1 = 4.) For compari-
son, we also plotted the mean values averaged over 100
realizations in the simply connected space, as well as the
ratio between the two curves. Each realization is also
plotted as small dots to show the variances in the simply
connected case.
As expected, we find a sharp spike of height nmax = 5
at L = 14 Gpc that is produced by the ghost quintu-
ples. The spike occurs in the 5D parameter space at
n = (−0.95, 0.23, 0.23), (X,Y ) = (−0.72, 3.28) Gpc,
and L = 14 Gpc, which correctly reproduces the in-
put parameters (Section 4.2). This result shows that our
method is practically useful for detecting the signature of
nontoroidal topologies, without any assumptions on the
orientation of the Universe or on the location of the ob-
server. If the observed catalog contains some number of
ghost images, we would surely be able to identify them.
The method was next applied to the observed data.
With the SDSS sample, we searched for the signatures of
the five types of nontranslational isometries, i.e., screw
motions of twists θtwist = pi, 2pi/3, pi/2, and pi/3, and
glide reflection, whose results are shown in Figure 5 as
was done in Figure 4. It is obvious that, for every type
of isometry, the observed data generally follow the pre-
diction of the simply connected space model. There are
no such robust spikes as seen in Figure 4; however, we
notice some spikes that could possibly be produced by
ghost images. In this paper, we consider the spikes that
satisfy both nmax ≥ 4 and r ≥ 1.5 to be candidates for
the topological signatures. This criterion is somewhat ar-
bitrary; we rather aim to demonstrate our methodology
here.
For each candidate selected from the criterion, we iden-
tified the quasars that are responsible for the spike, and
then excluded the false detections resulting from “multi-
counts”. For example, suppose that there is a pair
of twins (xi,xj) and (xk,xl) that are both linked by
the same isometry γ to the same twin (xm,xn), i.e.,
xm ≈ γxi ≈ γxk and xn ≈ γxj ≈ γxl. Then the score
of γ will be overestimated since (xi,xj) and (xk,xl) are
practically the same images but are double-counted.
We excluded such cases by eye to leave one candi-
date for the left-handed sixth-turn screw motion, whose
parameters are n = (−0.28,−0.82, 0.50), (X,Y ) =
(1.9, 11.2) Gpc, and L = 4.2 Gpc (see Table 1). We
find a pair of isometric quadruples that are linked by
this isometry whose celestial distribution is displayed in
Figure 6. In Figure 5, the corresponding spikes, whose
heights are nmax = 4.53 and r = 1.78, are marked with
vertical arrows. As seen in the figure, the candidate is not
statistically significant since we can find several spikes
with comparable heights in the simply connected sim-
ulations. If the candidate is real, there should be some
ghost images (discrete sources or CMB circles) caused by
translation of length 6L ≈ 25 Gpc, but it would be hard
to observe them since the deduced direction of screw axis
corresponds to low Galactic latitude, b ≈ −18◦.
Until now, we have only considered 3D positions of ob-
jects to identify (the candidates of) ghost images. We
mention here some possible additional tests based on
their astrophysical properties. First, it is confirmed from
observations of nearby AGNs that their optical contin-
uum emission does not change color (Sakata et al. 2010)
despite their variable flux, so that the ultraviolet–optical
spectral index might be used to distinguish real ghosts
from false positives. The mass of the central black hole
(MBH) would also be useful: For two quasars to be
the ghosts of each other, they must satisfy MBH,lowz ≥
MBH,highz , since MBH should monotonically increase
with time. However, it is unknown whether the opti-
cal color remains constant over a long period of time
(. 100 Myr), and at present estimation ofMBH has large
uncertainties. Therefore, these additional tests are cur-
rently difficult to perform because of both the observa-
tional uncertainties and our ignorance of the nature of
AGNs, but they may be possible in the future. Cross-
checks from independent tests, which are based on other
catalogs of objects or CMB maps, are more realistic at
present. For example, Roukema et al. (2013) discussed a
further test on the 3-torus model that was identified from
the CMB data analyses (Aurich 2008), which makes use
of bright star-forming galaxies at redshifts z . 6.
We note that our results do not exclude models whose
signatures were not found: In other words, even if the
sixth-turn screw motion candidate were rejected by other
tests, there would still remain the possibility that we live
in a “small” multiply connected Universe. For quan-
tifying it, we generated 100 mock catalogs in multiply
connected space (with an analysis of one catalog being
shown in Figure 4). Among them, only 24 catalogs con-
tained ≥ 5 ghosts, and 49 contained ≥ 4 ghosts (Figure
7). Therefore, even if real space has the same topology
as assumed here, the possibility of detecting the topol-
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Fig. 5.— Results of the quest for the topological signatures in the SDSS high-redshift (z ≥ 4) quasar sample. Five types of nontranslational
Euclidean isometries were explored. Green lines: The results for the observed data. Orange lines: The mean curves over 100 simulations
in the simply connected space along with each realization plotted as small dots. In each case, the bottom figure displays the ratio between
the observation and the mean result for the simply connected model. From these curves we identified one candidate for the topological
signature that satisfy nmax ≥ 4 and r ≥ 1.5, for the sixth-turn screw motion (marked with vertical arrows; see Table 1 for details). However,
this is consistent with the simply connected model and we do not detect any “robust” signatures such as that seen in Figure 4.
ogy is less than 50% (since by the choice of smin = 3 in
Equation (9), we need ≥ 4 ghosts for the detection).
This somewhat low detectability is due to the cosmic
variance and to the patchy sky coverage of SDSS in the
South Galactic cap (see Figure 2): Ghost images must
be located on the narrow stripe regions or we cannot ob-
serve them. To robustly constrain the space topology,
we need the spectra of quasars over a wider and contin-
uous region in the South Galactic cap. As an example,
mock catalogs with “full sky” coverage except for the
low-Galactic latitudes, i.e., |b| ≥ 30◦, were generated in
the multiply connected space. Of the 100 realizations,
84 contained ≥ 5 ghosts and 89 contained ≥ 4 ghosts
(Figure 7). This explicitly shows that the detectability
of this test can be much improved by additional data in
the Southern sky. Ongoing and future wide-field surveys,
e.g., SDSS-III/BOSS, VST-ATLAS, LSST, and Euclid,
are expected to provide such data.
8 Fujii & Yoshii
TABLE 1
Candidates for the topologically lensed quasars
Original imagea Ghost image
SDSS name RA [deg] Dec [deg] redshift SDSS name RA [deg] Dec [deg] redshift
Sixth-turn screw motion
left-handed, n = (−0.281,−0.817, 0.503), L = 4.2 Gpc, (X,Y ) = (1.9, 11.2) Gpc
024447.79 − 081606.0 41.199138 -8.268347 4.0678
7−→
075612.88 + 291844.8 119.053681 29.312464 4.2358
025204.28 + 003137.0 43.017861 0.526970 4.1490 073146.99 + 364346.4 112.945826 36.729580 4.0181
221320.00 + 134832.5 333.333352 13.809046 4.1267 134225.36 + 363815.1 205.605703 36.637536 4.0535
221705.72 + 135352.7 334.273851 13.897980 4.3412 134009.78 + 365813.2 205.040760 36.970344 4.1928
References. — Schneider et al. (2010)
a In this table, quasar images are called originals if they have positive x coordinates (Equation 1), i.e., 0◦ ≤ α ≤ 90◦, 270◦ ≤ α ≤
360◦; otherwise, they are called ghosts.
0
30
60
180 120 60240300360 0
-30
-60
-90
90
Fig. 6.— Candidates for the ghost images in the SDSS sample.
Blue points indicate a pair of isometric quadruples linked by a
left-handed sixth-turn screw motion. Details of the candidate are
summarized in Table 1.
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Fig. 7.— The distribution of the number of ghosts in 100 mock
catalogs for two cases of sky coverage. Green histogram: The SDSS
DR7 sky coverage. Orange histogram: Full sky (|b| ≥ 30◦) cover-
age. If the full-sky data were available, the detectability of topo-
logical lensings based on this test would be enhanced by about a
factor of 2.
We thank the anonymous referee for the careful reading
of this paper and the useful comments that improved the
quality of the paper. We thank Takeo Minezaki and Mit-
suru Kokubo for the useful discussions and suggestions.
HF thanks Ralph Aurich and Sven Lustig for precious
suggestions on the methodology and Jeffrey Weeks for
helpful comments on the property of 3D flat manifolds.
HF is also thankful for the fellowship received from the
Japan Society for the Promotion of Science (JSPS).
REFERENCES
Aurich, R. 2008, Classical and Quantum Gravity, 25, 225017
Bennett, C. L., Larson, D., Weiland, J. L., et al. 2012,
arXiv:1212.5225
Bielewicz, P., & Banday, A. J. 2011, MNRAS, 412, 2104
Chiba, M., & Yoshii, Y. 1999, ApJ, 510, 42
Cipra, B. 2002, American Mathematical Society, Providence, RI
Cornish, N. J., Spergel, D. N., & Starkman, G. D. 1998, Classical
and Quantum Gravity, 15, 2657
Cornish, N. J., Spergel, D. N., Starkman, G. D., & Komatsu, E.
2004, Physical Review Letters, 92, 201302
Croom, S. M., Boyle, B. J., Shanks, T., et al. 2005, MNRAS, 356,
415
Demian´ski, M. 2004, The Early Universe and the Cosmic
Microwave Background: Theory and Observations, 159
Demian´ski, M., &  Lapucha, M. 1987, MNRAS, 224, 527
Efstathiou, G., Sutherland, W. J., & Maddox, S. J. 1990, Nature,
348, 705
Ellis, G. F. R. 1971, General Relativity and Gravitation, 2, 7
Fagundes, H. V., & Wichoski, U. F. 1987, ApJ, 322, L5
Fujii, H. 2012, A&A, 540, A29
Fujii, H., & Yoshii, Y. 2011, A&A, 529, A121
Fukugita, M., Yamashita, K., Takahara, F., & Yoshii, Y. 1990,
ApJ, 361, L1
Go´rski, K. M., Hivon, E., Banday, A. J., et al. 2005, ApJ, 622, 759
Hawking, S. W. 1984, Nuclear Physics B, 239, 257
Jaffe, A. H., Ade, P. A., Balbi, A., et al. 2001, Physical Review
Letters, 86, 3475
Key, J. S., Cornish, N. J., Spergel, D. N., & Starkman, G. D.
2007, Phys. Rev. D, 75, 084034
Lachie`ze-Rey, M., & Luminet, J. 1995, Phys. Rep., 254, 135
Lehoucq, R., Lachieze-Rey, M., & Luminet, J. P. 1996, A&A,
313, 339
Lehoucq, R., Uzan, J.-P., & Luminet, J.-P. 2000, A&A, 363, 1
Linde, A. 2004, J. Cosmology Astropart. Phys., 10, 4
Marecki, A., Roukema, B. F., & Bajtlik, S. 2005, A&A, 435, 427
Topological Lensing in the SDSS QSO Catalog 9
Menzies, D., & Mathews, G. J. 2005, J. Cosmology Astropart.
Phys., 10, 8
Nikulin, V. V., & Shafarevich, I. R. 2002, Geometries and Groups
(Universitext) (Springer)
Nowacki, W. 1934, Commentarii Mathematici Helvetici, 7, 81
Oguri, M., Inada, N., Strauss, M. A., et al. 2012, AJ, 143, 120
Percival, W. J., Reid, B. A., Eisenstein, D. J., et al. 2010,
MNRAS, 401, 2148
Perlmutter, S., Aldering, G., Goldhaber, G., et al. 1999, ApJ,
517, 565
Planck Collaboration, Ade, P. A. R., Aghanim, N., et al. 2013,
ArXiv:1303.5086
Richards, G. T., Strauss, M. A., Fan, X., et al. 2006, AJ, 131,
2766
Riess, A. G., Filippenko, A. V., Challis, P., et al. 1998, AJ, 116,
1009
Roukema, B. F. 1996, MNRAS, 283, 1147
Roukema, B. F., Bulin´ski, Z., Szaniewska, A., & Gaudin, N. E.
2008, A&A, 486, 55
Roukema, B. F., & Edge, A. C. 1997, MNRAS, 292, 105
Roukema, B. F., France, M. J., Kazimierczak, T. A., & Buchert,
T. 2013, arXiv:1302.4425
Sakata, Y., Minezaki, T., Yoshii, Y., et al. 2010, ApJ, 711, 461
Schneider, D. P., Richards, G. T., Hall, P. B., et al. 2010, AJ,
139, 2360
Shen, Y., Strauss, M. A., Oguri, M., et al. 2007, AJ, 133, 2222
Shen, Y., Richards, G. T., Strauss, M. A., et al. 2011, ApJS, 194,
45
Simpson, C. 2005, MNRAS, 360, 565
Sokolov, D. D., & Shvartsman, V. F. 1974, Soviet Journal of
Experimental and Theoretical Physics, 39, 196
Stewart, J. M., Stewart, M. E., & Schwarzschild, K. 1998,
Classical and Quantum Gravity, 15, 2539
Tegmark, M., Blanton, M. R., Strauss, M. A., et al. 2004, ApJ,
606, 702
Uzan, J.-P., Lehoucq, R., & Luminet, J.-P. 1999, A&A, 351, 766
Vanden Berk, D. E., Schneider, D. P., Richards, G. T., et al.
2005, AJ, 129, 2047
Vaudrevange, P. M., Starkman, G. D., Cornish, N. J., & Spergel,
D. N. 2012, Phys. Rev. D, 86, 083526
Weatherley, S. J., Warren, S. J., Croom, S. M., et al. 2003,
MNRAS, 342, L9
Yoshii, Y. 1993, ApJ, 403, 552
Yoshii, Y., & Peterson, B. A. 1995, ApJ, 444, 15
Zeldovich, I. B., & Grishchuk, L. P. 1984, MNRAS, 207, 23P
